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ON ULTRAMETRIC-PRESERVING FUNCTIONS
OLEKSIY DOVGOSHEY
Abstract. Characterizations of pseudoultrametric-preserving functions and semimetric-
preserving functions are found. The structural properties of pseudoultrametrics which can be rep-
resented as a composition of an ultrametric and ultrametric-pseudoultrametric-preserving func-
tion are found. A dual form of Pongsriiam–Termwuttipong characterization of the ultrametric-
preserving functions is described. We also introduce a concept of k-separating family of functions
and use it to characterize the ultrametric spaces.
1. Introduction
Recall some definitions from the theory of metric spaces. In what follows we write R+ := [0,∞)
for the set of all nonnegative real numbers.
Definition 1.1. A metric on a set X is a function d : X ×X → R+ such that for all x, y, z ∈ X :
(i) (d(x, y) = 0)⇔ (x = y);
(ii) d(x, y) = d(y, x);
(iii) d(x, y) ≤ d(x, z) + d(z, y).
A metric d : X ×X → R+ is an ultrametric on X if
(iv) d(x, y) ≤ max{d(x, z), d(z, y)}
holds for all x, y, z ∈ X .
By analogy with triangle inequality (iii), inequality (iv) is often called the strong triangle
inequality.
The theory of ultrametric spaces is closely connected with various directions of investigations
in mathematics, physics, linguistics, psychology and computer science. Different properties of
ultrametric spaces have been studied in [3,9,18–20,22,30,31,39,43–49,54–56,61,62]. Note that the
use of trees and tree-like structures gives a natural language for description of ultrametric spaces
[2, 6, 10, 17, 23, 24, 26–28,33, 36–38,49–51].
The present paper is mainly motivated by characterization of ultrametric-preserving functions
recently obtained by P. Ponsgriiam and I. Termwittipong [54]. The metric-preserving functions
were detailed studied by J. Dobosˇ and other mathematicians [1, 4, 5, 7, 8, 12–16, 21, 25, 29, 35, 42,
52,53,58,60,64] but the properties of functions which preserve special type metrics or generalized
metrics remain little studied (see [40] and [41] only for results related to metric-preserving func-
tions and b-metrics). In this regard, we note that Ponsgriiam–Termwittipong characterization of
ultrametric-preserving functions can be extended to characterizations of functions which preserve
pseudoultrametrics, semimetrics and some other generalized metrics. Detection and description
of such characteristic properties is the main goal of the paper. The pseudometric-preserving and
the ultrametric-pseudoultrametric preserving functions are characterized in Proposition 2.4. A
constructive characteristic of pseudoultrametric spaces which can be obtained from ultrametric
spaces by using of ultrametric-pseudoultrametric-preserving functions is given in Proposition 2.5.
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Using the description of ultrametric-metric-preserving functions from [54] we obtain also a new
characteristic property of ultrametric spaces in Theorem 2.12 and it is one of the main results of
the paper.
2. Ultrametrics, Pseudoultrametrics and Semimetrics
The useful generalization of the concept of metric (ultrametric) is the concept of pseudometric
(pseudoultrametric).
Definition 2.1. Let X be a set and let d : X × X → R+ be a symmetric function such that
d(x, x) = 0 holds for every x ∈ X . The function d is a pseudometric (pseudoultrametric) on X if
it satisfies the triangle inequality (the strong triangle inequality).
If d is a pseudometric (pseudoultrametric) on X , then we will say that (X, d) is a pseudometric
(pseudoultrametric) space.
Every ultrametric space is a pseudoultrametric space but not conversely. In contrast to ul-
trametric spaces, pseudoultrametric spaces can contain some distinct points with zero distance
between them.
Example 2.2. Let X = {x1, x2, x3} and let d : X ×X → R be symmetric and satisfy
d(x1, x1) = d(x2, x2) = d(x3, x3) = d(x1, x2) = 0
and
d(x1, x3) = d(x2, x3) = t, t > 0.
Then d is a pseudoultrametric on X but d is not an ultrametric.
The next definition is a modification of Definition 1 from [54].
Definition 2.3. A function f : R+ → R+ is pseudoultrametric-preserving (ultrametric-
pseudoultrametric-preserving) if f ◦ d is a pseudoultrametric for every pseudoultrametric (ultra-
metric) space (X, d).
Recall that f : R+ → R+ is increasing if
(a > b)⇒ (f(a) > f(b))
holds for all a, b ∈ R+.
Proposition 2.4. The following conditions are equivalent for every function f : R+ → R+.
(i) f is increasing and f(0) = 0 holds;
(ii) f is pseudoultrametric-preserving;
(iii) f is ultrametric-pseudoultrametric-preserving.
Proof. (i)⇒ (ii). Suppose that f is increasing and f(0) = 0 holds. Let (X, d) be a pseudoultramet-
ric space. Then f ◦d is nonnegative and symmetric. The equalities d(x, x) = 0 and f(0) = 0 imply
f(d(x, x)) = 0. Since f is increasing, the strong triangle inequality for d implies this inequality for
f ◦ d. Thus (X, f ◦ d) is a pseudoultrametric space.
(ii)⇒ (iii). This is evidently valid.
(iii) ⇒ (i). Let f : R+ → R+ be ultrametric-pseudoultrametric-preserving. Then f ◦ d is a
pseudoultrametric for every ultrametric space (X, d). Thus
f(0) = f(d(x, x)) = 0
holds. If f is not increasing, then there are a, b ∈ R+ such that
0 < a < b and f(a) > f(b). (2.1)
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Let X = {x1, x2, x3} and let d be an ultrametric on X such that
d(x1, x2) = d(x1, x3) = b and d(x2, x3) = a. (2.2)
Then (2.1) and (2.2) imply
max{f(d(x1, x2)), f(d(x1, x3))} = f(b) < f(a) = f(d(x2, x3)).
Hence, we have the inequality
max{f(d(x1, x2)), f(d(x1, x3))} < f(d(x2, x3))
which contradicts the strong triangle inequality in the space (X, d). 
Proposition 2.5. If (X, d) is an ultrametric space and f : R+ → R+ is an ultrametric-
pseudoultrametric-preserving function, then the pseudoultrametric space (X, f ◦ d) is ultrametric
or there is r0 > 0 such that f(d(x, y)) = 0 holds whenever 0 < d(x, y) < r0.
Conversely, suppose (Y, ρ) is a pseudoultrametric space such that ρ is not an ultrametric and
there is r0 > 0 for which ρ(x, y) = 0 holds whenever x, y ∈ Y and ρ(x, y) < r0. Then there are
an ultrametric-pseudoultrametric-preserving function f : R+ → R+ and an ultrametric space (Y, d)
such that ρ = f ◦ d.
Proof. Let (X, d) be an ultrametric space and let f : R+ → R+ be ultrametric-pseudometric-
preserving. Suppose that (X, f ◦d) is not an ultrametric. Then there are some distinct x1, x2 ∈ X
such that f(d(x1, x2)) = 0. Write r0 = d(x1, x2). Since x1 6= x2 and d is an ultrametric, the
inequality r0 > 0 holds. If r is an arbitrary point of [0, r0), then, using Proposition 2.4, we obtain
0 = f(0) 6 f(r) 6 f(r0) = 0.
Thus, f(r) = 0 holds for every r ∈ [0, r0).
Conversely, suppose (Y, ρ) is a pseudoultrametric space such that ρ is not an ultrametric and
there is r0 > 0 for which ρ(x, y) = 0 holds whenever x, y ∈ Y and ρ(x, y) < r0. Write
r∗ = inf{ρ(x, y) : x, y ∈ Y and ρ(x, y) > 0}.
Then the inequality r∗ > 0 holds. Let us define a function d : Y 2 → R as follows
d(x, y) =


ρ(x, y) if ρ(x, y) > 0,
r∗
2
if ρ(x, y) = 0 and x 6= y,
0 if x = y.
A direct calculation shows that d is an ultrametric on Y and the equality ρ = f∗ ◦ d holds for
f∗ : R+ → R+ defined as
f∗(t) =
{
0 if t ∈
[
0, 1
2
r∗
]
,
t if t > 1
2
r∗.
Proposition 2.4 implies that f∗ is ultrametric-pseudoultrametric-preserving. 
Let X be a nonempty set and let d : X ×X → R be nonnegative. Wilson [63] says that (X, d)
is a semimetric space and d is a semimetric on X if, for all x, y ∈ X , the following conditions are
satisfied:
(i) d(x, y) = 0 if and only if x = y;
(ii) d(x, y) = d(y, x).
The term semimetric (= semi-metric) is used mainly in general topology. Very often the semi-
metrics are called dissimilarities or simply distances. (See [11, p. 15].)
Definition 2.6. A function f : R+ → R+ is semimetric-preserving if f ◦d is a semimetric for every
semimetric space (X, d).
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The function f : R+ → R+ is said to be amenable if f−1({0}) = {0}.
Proposition 2.7. The following conditions are equivalent for every function f : R+ → R+.
(i) f is semimetric-preserving.
(ii) f is amenable.
Proof. (i) ⇒ (ii). Let us prove the truth of ⌉(ii) ⇒⌉(i), where ⌉ is the negation symbol. If f is
not amenable, then
f(0) > 0 (2.3)
or there is t > 0 such that
f(t) = 0 (2.4)
holds. Let X = {x1, x2} and let
d(x1, x1) = d(x2, x2) = 0 and d(x1, x2) = t.
Then d is an ultrametric on X . Equality (2.4) implies f(d(x1, x2)) = 0, similarly from (2.3) it
follows that
f(d(x1, x1)) = f(d(x2, x2)) > 0.
Thus f ◦ d is not semimetric-preserving.
(ii)⇒ (i). It follows directly from the definitions. 
Definition 2.8 ([54]). A function f : R+ → R+ is ultrametric-preserving if f ◦ d is an ultrametric
for every ultrametric space (X, d). We also say that f : R+ → R+ is ultrametric-metric-preserving
if f ◦ d is a metric for every ultrametric space (X, d).
The following theorem as well as Theorem 2.11 was obtained by P. Pongsriiam and I. Termwut-
tipong in [54]. To make the present paper self-contained and to show how semimetric-preserving
and pseudoultrametric-preserving functions can be used for investigation of ultrametric-preserving
functions, we give new proofs of these theorems.
Theorem 2.9. A function f : R+ → R+ is ultrametric-preserving if and only if f is amenable and
increasing.
Proof. Let f : R+ → R+ be amenable and increasing. Then, by Proposition 2.4, f is
pseudoultrametric-preserving and, by Proposition 2.7, f is semimetric-preserving. It is easy to
see that, for every nonempty set X and every function d : X2 → R, d is an ultrametric on X if
and only if d is simultaneously a pseudoultrametric on X and a semimetric on X . Hence, f is
ultrametric-preserving.
Now let f be ultrametric-preserving. If f is not increasing, then there is an ultrametric d
such that f ◦ d is not a pseudoultrametric (see the proof of Proposition 2.4). Similarly, if f is not
amenable, then we can find an ultrametric d for which f ◦ d is not a semimetric (see the proof of
Proposition 2.7). This complete the proof. 
Example 2.10. Let (X, d) be an ultrametric space and let t ∈ (0,∞). The function f : R+ → R+
with
f(x) =
{
x if x ∈ [0, t),
t if x ∈ [t,∞),
is amenable and increasing. By Theorem 2.9, f ◦ d is an ultrametric.
Theorem 2.11 ([54]). Let f : R+ → R+ be amenable. Then the following statements are equiva-
lent.
(i) The function f is ultrametric-metric-preserving.
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(ii) The inequality
f(a) 6 2f(b) (2.5)
holds whenever 0 6 a 6 b.
Proof. (i)⇒ (ii). Let f be ultrametric-metric-preserving and let
0 6 a 6 b. (2.6)
Note that (2.5) is trivial if a = 0. Suppose a > 0. Then there is an ultrametric space (X, d) with
X = {x1, x2, x3} and such that
a = d(x1, x2) 6 d(x2, x3) = d(x3, x1) = b. (2.7)
Since f is ultrametric-metric-preserving, (X, f ◦ d) is a metric space. Applying the triangle in-
equality to the metric f ◦ d, we can simply prove that
2max{f(d(x1, x2)), f(d(x2, x3)), f(d(x3, x1))}
6 f(d(x1, x2)) + f(d(x2, x3)) + f(d(x3, x1)). (2.8)
The last inequality is equivalent to
2max{f(a), f(b)} 6 f(a) + 2f(b). (2.9)
Inequality (2.6) and the trivial inequality
2f(a) 6 2max{f(a), f(b)}
imply inequality (2.5).
(ii) ⇒ (i). Let (ii) hold. Let us consider an arbitrary nonempty ultrametric space (X, d). We
prove that (X, f ◦ d) is a metric space. Since f is amenable and nonnegative, it suffices to show
that the triangle inequality holds for f ◦ d. The triangle inequality holds for f ◦ d if and only if we
have inequality (2.8) for arbitrary triple x1, x2, x3 ∈ X . Since d is an ultrametric, for given x1,
x2, x3 ∈ X , there are a, b ∈ R
+ such that (2.7) and (2.6) hold. Consequently it suffices to prove
that (2.9) holds whenever we have (2.5), (2.6) and(2.7). Inequality (2.9) is trivial if
max{f(a), f(b)} = f(b).
To complete the proof it suffices to note that if
max{f(a), f(b)} = f(a),
then (2.9) is equivalent to (2.5). 
The following characterization of ultrametrics is, in fact, dual to Theorem 2.9 and Theorem 2.11.
Theorem 2.12. Let (X, d) be a metric space. Then the following statements are equivalent.
(i) (X, d) is an ultrametric space.
(ii) (X, f ◦ d) is a metric space for every amenable and increasing function f : R+ → R+.
(iii) (X, f ◦ d) is a metric space for every amenable function f : R+ → R+ which satisfies the
inequality
f(a) 6 2f(b)
whenever 0 6 a 6 b.
Proof. The implication (i)⇒ (iii) follows from Theorem 2.11.
It is clear that f(a) 6 2f(b) holds for every increasing function f : R+ → R+ and all a, b ∈ R+
with a 6 b. Consequently (iii) implies (ii).
(ii) ⇒ (i). Let (ii) hold. If d is not an ultrametric, then we can find distinct points x1, x2,
x3 ∈ X such that
d(x1, x2) > max{d(x1, x3), d(x2, x3)}. (2.10)
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Write
a := max{d(x1, x3), d(x2, x3)} and b := d(x1, x2)
and consider fa,b : R
+ → R+ such that
fa,b(t) =


0 if t = 0,
1
2
a if t ∈ (0, a],
b if t ∈ (a,∞).
(2.11)
Then fa,b is increasing and amenable. It follows from the definition of fa,b and (2.10) that
fa,b(d(x1, x2)) = fa,b(b) = b and fa,b(d(x1, x3)) = fa,b(d(x2, x3)) =
1
2
a. (2.12)
By statement (ii), fa,b ◦d is a metric on X . Now using (2.12) and the triangle inequality we obtain
b = fa,b(d(x1, x2)) 6 fa,b(d(x1, x3)) + fa,b(d(x2, x3)) =
1
2
a+
1
2
a = a.
Thus b 6 a contrary to (2.10). 
Analyzing the proof of Theorem 2.12 we obtain the following corollary.
Corollary 2.13. Let (X, d) be a metric space. Then d is an ultrametric if and only if fa,b ◦ d is
a metric for all strictly positive a and b, where fa,b is defined by (2.11).
Let A and B be two sets and let F be a family of mappings from A to B. Recall that F is said
to separate points on A if for every two distinct a1, a2 ∈ A there is f ∈ F such that f(a1) 6= f(a2)
(see, for example, [57], Definition 7.30).
Definition 2.14. Let F be a set of increasing and amenable functions f : R+ → R+ and let
k ∈ (1,∞). Then F is k-separating if for every two t1, t2 ∈ R
+ with t1 < t2, there is f ∈ F such
that kf(t1) < f(t2).
Theorem 2.15. Let F be a set of increasing and amenable functions f : R+ → R+. If F is
2-separating, then the following statements are equivalent for every metric space (X, d):
(i) For every f ∈ F the function f ◦ d is a metric on X;
(ii) (X, d) is an ultrametric space.
If F is not 2-separating, then there is a metric space (X, d) such that f ◦ d is a metric on X for
every f ∈ F , but d is not an ultrametric on X.
Proof. Let F be 2-separating and let (X, d) be a metric space.
(i) ⇒ (ii). Suppose f ◦ d is a metric for every f ∈ F . If d is not an ultrametric on X , then
there exist x1, x2, x3 ∈ X such that
a := max{d(x1, x3), d(x2, x3)}, and b := d(x1, x2), and b > a > 0.
Since F is 2-separating, there is f ∈ F such that
2f(a) < f(b). (2.13)
The function f is increasing. It implies the inequalities
f(d(x1, x3)) 6 f(a) and f(d(x2, x3)) 6 f(a). (2.14)
From (2.13) and (2.14) we obtain
f(d(x1, x3)) + f(d(x2, x3)) < f(b) = f(d(x1, x2)),
contrary to the triangle inequality for the metric f ◦ d.
(ii)⇒ (i). The validity of this implication follows from Theorem 2.12.
ON ULTRAMETRIC-PRESERVING FUNCTIONS 7
Suppose now that F is not 2-separating. Then it follows from Definition 2.14 that there are t1,
t2 ∈ R
+ such that 0 < t1 < t2 and
2f(t1) > f(t2) (2.15)
for all f ∈ F . We can find t3 ∈ (t1, t2) such that the inequality
2t3 > t2 (2.16)
holds. Since every f ∈ F is increasing, the condition t3 ∈ (t1, t2) and (2.15) imply the inequality
2f(t3) > f(t2) (2.17)
for every f ∈ F . Let X = {x1, x2, x3} and let d : X ×X → R be a function such that d(x1, x1) =
d(x2, x2) = d(x3, x3) = 0 and d(x1, x2) = t2 and t3 = d(x1, x3) = d(x2, x3). Then we have
max{d(x1, x2), d(x1, x3), d(x2, x3)} = d(x1, x2) = t2 6 2t3 = d(x1, x3) + d(x2, x3).
Hence, (X, d) is a metric space. From (2.16) and the definition of d it follows that (X, d) is not
an ultrametric space. To complete the proof it suffices to note that (2.17) implies the triangle
inequality for f ◦ d with every f ∈ F . 
Example 2.16. For every α ∈ (0,∞) and every t ∈ R+, we write
fα(t) = t
α. (2.18)
It is clear that every function fα : R
+ → R+ defined by (2.18) is increasing and amenable. Let
F := {fα : α ∈ (0,∞)}. The limit relation
lim
α→∞
(
t1
t2
)α
= 0
holds if 0 6 t1 < t2 <∞. Consequently F is k-separating family for every k > 1.
This example and Theorem 2.15 imply the following.
Corollary 2.17. Let (X, d) be a metric space. Then d is an ultrametric if and only if dα is a
metric for every α > 1.
Remark 2.18. If α ∈ (0, 1), then dα is a metric for every metric space (X, d). Following paper [59],
we can say that the space (X, dα) is a 1
α
-snowflake. Thus Corollary 2.17 claims that a metric d
is an ultrametric if and only if d is 1
α
-snowflake for every α ∈ (0, 1). The proof of ultrametricity
of the so-called metric space of resistances given by V. Gurvich and A. Gvishiani in [32, 34] is a
nontrivial example of application of the snowflake transformation d 7→ dα in real-world model.
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